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1. INTRODUCTIONPRELIMINARIES
 In 6 , Zhang introduced an extension of the almost-periodic functions,
the so-called pseudo almost-periodic functions, which have many applica-
Ž  .tions in the theory of differential equations see, e.g., 13, 68 .
Zhang also gave a composition theorem of pseudo almost-periodic
functions in finite dimensional Banach spaces. More explicitly, suppose f :
R Y X, h: R Y are pseudo almost-periodic functions with some
Ž Ž ..other assumptions; then f , h  : R X is a pseudo almost-periodic
function, where X and Y are Banach spaces with finite dimensions and R
is the real number field. Then this result was generalized to general
 Banach spaces by Amir and Manior 3 . The composition theorems men-
Ž .tioned above all needed the assumption that f t, x is Lipschitz continuous
in x uniformly in t. However, in the well known composition theorem of
 almost-periodic functions 4, Theorem 2.11 , the essential condition is that
f is uniformly continuous and bounded in R h R . So a natural prob-Ž .
1 Supported by the National Natural Science Foundation of China.
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lem has arisen: Is this also the essential condition to the composition
theorem of pseudo almost-periodic functions? The purpose of this paper is
to give an affirmative answer to this problem. As an application, we
investigate the existence of mild pseudo almost-periodic solutions and
pseudo almost-periodic solutions for a class of semilinear differential
equations in Section 3.
Throughout this paper, we always assume that X, Y are Banach spaces,
Ž .and C R, X is the space of bounded continuous functions from R to X.b
Ž .DEFINITION 1.1. 1 A set S R is said to be relatively dense if there
 exists L 0 s.t. a, a L  S  for all a R.
Ž . Ž . Ž .2 f C R, X is said to be almost-periodic abbrev. as a.p. if,b
Ž .  Ž . Ž .given  0, there exists a relatively dense set p  s.t. f t  	 f t
Ž . Ž .  for all t R and  p  . Denote by AP X the set of all such
Ž . Ž .functions; then AP X is a closed subspace of C R, X .b
Ž . Ž . Ž3 A set E AP X is said to be uniformly almost-periodic ab-
.brev. as u.a.p. , if it is uniformly bounded, and given  0, there exists a
Ž .  Ž . Ž . Ž .relatively dense set p  s.t. f t  	 f t   for all t R,  p  ,
and f E.
Ž . Ž .4 f C R Y, X is said to be almost-periodic in t uniformly in
 Ž . 4x if for each compact set K Y, f , x : x K is u.a.p. Denote by
Ž .AP R Y, X the set of all such functions.
Set
r1
PAP X 
  C R , X : lim  t dt
 0 .Ž . Ž . Ž .H0 b½ 52 rr 	r
Ž .  Ž . Ž . Ž .PAP R Y, X 
  C R Y, X :  , x  C R, X for all x0 b
1 r  Ž . 4Y, and lim H  t, x dt
 0 uniformly in x Y .r 	r2 r
We have the following lemma.
Ž .LEMMA 1.1. Suppose f PAP X ; then, gien  0,0
1
lim meas M 
 0,Ž .r , 2 rr
Ž .     Ž .where meas  denotes the Lebesgue measure and M 
 t 	r, r : f tr , 
4  .
1 Ž .Proof. Suppose the contrary, that there exists   0 s.t. meas M0 r , 2 r 0
does not converge to 0 as r. That is, there exists 	 0 s.t. for each
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1 Ž .n, meas M  	 for some r  n. Thenr ,  n2 rn n 0
r1 1 1n
f t dt
 f t dt f t dtŽ . Ž . Ž .H H H2 r 2 r 2 r  	r M 	r , r Mn n nn r ,  n n r , n 0 n 0
1
 f t dtŽ .H2 r Mn r , n 0
1
 meas M Ž .r ,  0n 02 rn
  	 ,0
1 r  Ž .which contradicts the hypothesis that lim H f t dt
 0. Thisr 	r2 r
completes the proof.
Ž .Ž Ž ..DEFINITION 1.2. f C R, X C R Y, X is called pseudo almost-b
Ž . Ž . Ž Ž ..periodic abbrev. as p.a.p. , if f
 g  with g AP X AP R Y, X
Ž . Ž Ž .. Ž . Ž Žand  PAP X PAP R Y, X . Denote by PAP X PAP R0 0
..Y, X the set of all such functions f.
Ž . Ž .Obviously PAP X is a subspace of C R, X . Furthermore, we haveb
Ž . Ž .LEMMA 1.2. PAP X is a closed subspace of C R, X .b
 4 Ž . Ž .Proof. Suppose x  PAP X and lim x 
 x in C R, X . Forn n n b
Ž . Ž . each n, let x 
 y  z with y  AP X and z  PAP X . By 7,n n n n n 0
      4 Ž .Lemma 1.3 , we have y  x , then y converges to some y AP X .n n n
 4 Ž .Consequently, z also converges to some z C R, X . Noticing thatn b
r r r1 1 1
z t dt z t 	 z t dt z t dt ,Ž . Ž . Ž . Ž .H H Hn n2 r 2 r 2 r	r 	r 	r
Ž . Ž .we then get z PAP X . Hence x PAP X . The proof is complete.0
2. COMPOSITION THEOREM OF P.A.P. FUNCTIONS
We are now in a position to give the composition theorem of p.a.p.
functions.
Ž .THEOREM 2.1. Let f PAP R Y, X satisfy the following conditions:
Ž . Ž .  Ž . 4i f R, K 
 f t, x : t R and x K is bounded for eery
bounded subset K Y.
Ž . Ž .ii f t,  is uniformly continuous in each bounded subset of Y uni-
formly in t R. More explicitly, gien  0 and K Y bounded, there exists
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   Ž . Ž .	 0 s.t. x, y K and x	 y  	 imply that f t, x 	 f t, y   for
all t R.
Ž . Ž Ž .. Ž .If h PAP Y , then f , h   PAP X .
Ž . Ž . Ž .Proof. Since h PAP Y , h C R, Y . By condition i , we knowb
Ž Ž .. Ž .that f , h   C R, X . Let f
 g  and h
 h  h with gb 1 2
Ž . Ž . Ž . Ž .AP R Y, X ,  PAP R Y, X , h  AP Y , h  PAP Y ; we0 1 2 0
have
f t , h t 
 g t , h t  f t , h t 	 g t , h tŽ . Ž . Ž . Ž .Ž . Ž .Ž . Ž .1 1

 g t , h t  f t , h t 	 f t , h t   t , h t .Ž . Ž . Ž . Ž .Ž .Ž . Ž . Ž .1 1 1
Ž  .By the composition theorem of almost-periodic functions see, e.g., 4 ,
Ž Ž .. Ž . Ž Ž .. Ž .g , h   PAP X . To show that f , h   PAP X , it is enough to1
show that the following statements are true.
Ž . Ž Ž .. Ž Ž .. Ž .a f , h  	 f , h   PAP X .1 0
Ž . Ž Ž .. Ž .b  , h   PAP X .1 0
Ž . Ž . Ž . Ž .To prove a , let K Y be bounded s.t. h R , h R  K. By ii , given1
  0, there exists 	 0 s.t. x, y K and x	 y  	 imply that

f t , x 	 f t , y  for all t R . 2.1Ž . Ž . Ž .
2
Ž .By i , there exists S 0 s.t.
f t , h t 	 f t , h t  f t , h t  f t , h t  SŽ . Ž . Ž . Ž .Ž . Ž .Ž . Ž .1 1
for all t R . 2.2Ž .
Ž . Ž .Since h t  PAP Y , by Lemma 1.1, we have, for the above 	 ,2 0
lim meas M 
 0,Ž .r , 	
r
    Ž . 4where M 
 t 	r, r : h t  	 . Thus, there exists r  0 s.t.r , 	 2 0
1 
meas M  for all r r . 2.3Ž . Ž .r , 	 02 r 2S
 Ž . Ž .  Ž .  Noticing that h t 	 h t 
 h t  	 for all t 	r, r M , com-1 2 r , 	
Ž . Ž . Ž .bining 2.1 , 2.2 , and 2.3 , for r r , we have0
r1
f t , h t 	 f t , h t dtŽ . Ž .Ž . Ž .H 12 r 	r
1
 f t , h t 	 f t , h t dtŽ . Ž .Ž . Ž .H 12 r Mr , 	
1
 f t , h t 	 f t , h t dtŽ . Ž .Ž . Ž .H 12 r  	r , r Mr , 	
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1 1 
 meas M S 2 r	meas MŽ . Ž .Ž .r , 	 r , 	2 r 2 r 2
 
  S 
  ,
2S 2
Ž .which shows that a holds.
Ž . Ž . ŽTo prove b , since h R is relatively compact in Y and g AP R1
. Ž .Y, X , g is uniformly continuous in R h R . Then it follows from iiŽ .1
Ž .that  t, x is uniformly continuous in x h R uniformly in t. So, givenŽ .1
  0, there exists 	 0 s.t. x, y h R and x	 y  	 imply thatŽ .1

 t , x 	  t , y  for all t R . 2.4Ž . Ž . Ž .
2
Since h R is compact, one can find finite, say m, open balls O withŽ .1 k
Ž .x  h R , k
 1, 2, . . . , m, and radius less than 	 such that h R Ž .k 1 1
m  Ž . 4 O . Then the sets B 
 x R : h x O , k
 1, 2, . . . , m, arek
1 k k 1 k
open and R
m B . Let E 
 B , E 
 B k	1 B , k 2; thenk
1 k 1 1 k k i
1 i
Ž .E  E 
  when i j, 1 i, jm. Since  PAP R Y, X , therei j 0
exists r  0 s.t.0
r1 
 t , x dt , for r r , 1 km. 2.5Ž . Ž .H k 02 r 2m	r
   Ž .  Ž . Ž .For t E  	r, r , h t 	 x  	 as h t O . Then by 2.4 andk 1 k 1 k
Ž .2.5 we have
r1
 t , h t dtŽ .Ž .H 12 r 	r
m1

  t , h t dtŽ .Ž .Ý H 12 r  E  	r , rkk
1
m1
  t , h t 	  t , x   t , x dtŽ . Ž . Ž .Ž .Ž .Ý H 1 k k2 r  E  	r , rkk
1
m m1  1
 dt  t , x dtŽ .Ý ÝH H k2 r 2 2 r   E  	r , r E  	r , rk kk
1 k
1
 
  
  ,
2 2
Ž .which shows that b holds. The proof is complete.
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3. THE SOLUTIONS OF DIFFERENTIAL EQUATIONS
 Ž .4 Ž .Let T t be a C -semigroup in X with operator T t compact fort 0 0
  	
 teach t 0, and for some M 0 and 
 0, T Me for all t 0.
Ž .Suppose that f PAP R X, X ; we consider the following three condi-
tions:
Ž . Ž .i f R, K is bounded for each bounded subset K X ; i.e.,  
L

 Ž .sup f t, x  . Moreover, there exists L 0 s.t.   L.t R ,  x  L L M
Ž . Ž .ii For each bounded subset K X, f t, x is uniformly continuous
in x K uniformly in t.
Ž .  4 Ž .iii Let x  PAP X be uniformly bounded in R and uniformlyn
 Ž Ž ..4convergent in each compact subset of R. Then f , x  is relativelyn
Ž .compact in C R, X .b
Ž . Ž . Ž .Remark 3.1. When f PAP R X, X satisfies i and ii , we can
Ž . Ž .define a mapping V: C R, X  C R, X asb b
t
Vx t 
 T t	 s f s, x s ds for x C R , X . 3.1Ž . Ž . Ž . Ž . Ž . Ž .Ž .H b
	
 4 Ž . Ž .Then V is continuous. In fact, let x  C R, X , x  x in C R, X asn b n b
Ž . Ž .n . We may find a bounded subset K X s.t. x t , x t  K forn
Ž .t R, n
 1, 2, . . . . By ii , given  0, there exists 	 0 s.t. x, y K
 and x	 y  	 imply that


f t , x 	 f t , y  for all t R .Ž . Ž .
M
 Ž . Ž .For the above 	 , there exists N s.t. x t 	 x t  	 for nN andn

 Ž Ž .. Ž Ž ..t R. Then f t, x t 	 f t, x t  for nN and t R. Hence,n M
Vx t 	 Vx tŽ . Ž . Ž . Ž .n
t

 T t	 s f s, x s 	 f s, x s dsŽ . Ž . Ž .Ž .Ž .Ž .H n
	

t 	
 Ž t	s. Me ds
  for nN and t R ,H M	
from which it follows that V is continuous.
Ž . Ž . Ž .Remark 3.2. Suppose f PAP R X, X satisfies i and ii , and
 4 Ž .x  PAP X is uniformly bounded in R and uniformly convergent inn
Ž Ž .. Ž . Ž .each compact subset of R. Let f t, x t 
 g t   t , where g n n n n
Ž . Ž .  4AP X ,   PAP X , n
 1, 2, . . . . If, moreover, g is u.a.p. andn 0 n
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 Ž .lim  t 
 0 uniformly in n, by the compactness of the u.a.p. set t  n
Ž  .  Ž Ž ..4see, e.g., 4 , it is not difficult for us to show that f , x  is relativelyn
Ž .compact in C R, X . So it is easy to find functions which satisfy condi-b
xŽ . Ž . Ž . Ž .tions i , ii , and iii . For example, f t, x 
 sin t sin  t sin isŽ . t
Ž .   4such a one, where  t 
max 1, t for t R.
Now, we consider the semilinear differential equation
x t 
 Ax t  f t , x t , 3.2Ž . Ž . Ž . Ž .Ž .
 Ž .4where A is the generator of the C -semigroup T t mentioned above.0 t 0
Ž . Ž . Ž .x t  C R, X is called a pseudo almost-periodic solution of 3.2 , ifb
Ž . Ž . Ž . Ž .x PAP X , x t D A for t R, x t is continuously differentiable of
Ž .t R, and 3.2 holds. It is called a mild pseudo almost-periodic solution
Ž . Ž .of 3.2 , if x PAP X and
t
x t 
 T t	 s f s, x s ds for t R . 3.3Ž . Ž . Ž . Ž .Ž .H
	
Ž .For mild p.a.p. solutions of 3.2 , we have
 Ž .4 Ž .THEOREM 3.1. T t is a C -semigroup in a Banach space X ; T tt 0 0
Ž . Ž . Ž .are compact operators for all t 0. f PAP R X, X satisfies i , ii ,
Ž . Ž .    Ž .and iii . Then 3.2 has a mild p.a.p. solution such that x 
 sup x tt R
 L.
 Ž .   4Proof. Let B
 x PAP X : x  L . By Lemma 1.2, B is a closed
Ž . Ž .convex subset of PAP X . Assume V is defined by 3.1 ; we claim that
VB B. In fact, for x B and t R,
t 	
 Ž t	s.Vx t  Me f s, x s dsŽ . Ž . Ž .Ž .H
	

t 	
 Ž t	s. Me L ds
 L,H M	
 which shows that Vx  L. Thus VB B.
Now we show that the following two statements are true.
Ž 0. Ž .Ž . 41 Vx t : x B is a relatively compact subset of X for each
t R.
Ž 0.  4 Ž .2 Vx : x B  C R, X is equicontinuous.b
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Ž 0.To prove 1 , given  0, let
t	
V x t 
 T t	 s f s, x s dsŽ . Ž . Ž . Ž .Ž .H
	
t	

 T  T t	 	 s f s, x s dsŽ . Ž . Ž .Ž .H
	

 T  Vx t	  ,Ž . Ž . Ž .Ž .
Ž .Ž . 4 Ž .which implies V x t : x B is relatively compact in X since T  is
Ž .compact. By i , for each x B we have
t
Vx t 	 V x t  T t	 s f s, x s dsŽ . Ž . Ž . Ž . Ž . Ž .Ž .H
t	
t 	
 Ž t	s. Me  dsH L
t	
M  ,L
Ž .Ž . 4from which it follows that Vx t : x B is relatively compact in X. That
Ž 0.is, 1 holds.
Ž 0.To prove 2 , suppose x B, 	 t  t ,  0, and 
1 2
Ž .Ž . Ž .Ž .6M . Let Vx t 	 Vx t 
 I  I  I , whereL 2 1 1 2 3
t 	1I 
 T t 	 s 	 T t 	 s f s, x s ds,Ž . Ž . Ž .Ž .Ž .H1 2 1
	
t1I 
 T t 	 s 	 T t 	 s f s, x s dsŽ . Ž . Ž .Ž .Ž .H2 2 1
t 	1
and
t2I 
 T t 	 s f s, x s ds.Ž . Ž .Ž .H3 2
t1
 Ž .4  Ž . 	
 tSince T t is a C -semigroup and T t Me , there exists 	
t 0 0
t tŽ .  Ž . Ž .	  ,    s.t. t 	 t  	 implies T 	 T  t 	 t  
4M .2 1 2 1 L2 2
Then

 I 
 T t 	 t  t 	 T t f t 	 x , x t 	 x dtŽ . Ž . Ž .Ž . Ž .H1 2 1 1 1

 t t t

 T T t 	 t  	 T f t 	 x , x t 	 x dtŽ .Ž .H 2 1 1 1ž / ž / ž /ž /2 2 2
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 t t
	
 Ž t2. Me T t 	 t  	 T  dtH 2 1 Lž / ž /2 2
 
 
	
 Ž t2. Me  dt .H L4M 2 L
By a direct calculation, we have
t1 I  2 M ds
 2 M  
H2 L L 3t 	1
and
t2 	
 Ž t 	s.2 I  Me  dsM  
 ,H3 L L 6t1
so that, for x B and t 	 t  	 ,2 1
  
Vx t 	 Vx t    
  ,Ž . Ž . Ž . Ž .1 2 2 3 6
Ž 0.which shows that 2 holds.
Denote the closed convex hull of VB by co VB. Since VB B and B is
Ž .closed convex, co VB B. Thus V co VB  VB co VB. It is easy to
0 0Ž . Ž .  Ž .verify that co VB has the properties 1 and 2 . More explicitly, x t : x
4 Ž . co VB is relatively compact in X for each t R, and co VB C R, Xb
is uniformly bounded and equicontinuous. By the ArzelaAscoli theorem,
 Ž .the restriction of co VB to every compact subset K of R, namely x t : x
4 Ž . Ž .co VB , is relatively compact in C K , X . Thus condition iii impliest K
that V: co VB co VB is a compact operator. Noticing the continuity of
V, it follows from Schauder’s fixed point theorem that V has a fixed point
Ž .x co VB. This x is a mild p.a.p. solution of 3.2 . The proof is complete.
Ž .We can get the following result of the p.a.p. solution of 3.2 from
Theorem 3.1.
 Ž .4THEOREM 3.2. T t is a C -semigroup in a Banach space X, andt 0 0
Ž . Ž .T t are compact operators for all t 0. f PAP R X, X satisfies
Ž . Ž . Ž .conditions i , ii , and iii , and one of the following statements is true for
Ž .each x PAP X .
d 1Ž . Ž Ž .. Ž Ž .. Ž .a f t, x t is differentiable in t R, and f t, x t  L R, X .dt
Ž . Ž Ž .. Ž . Ž Ž .. 1Ž .b f t, x t D A for t R, Af t, x t  L R, X .
Ž .  Then 3.2 has a p.a.p. solution x such that x  L.
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Ž . Ž .Proof. By Theorem 3.1, 3.2 has a mild p.a.p. solution x given by 3.3
  Ž .with x  L. From 3.3 we have

x t 
 T s f t	 s, x t	 s ds.Ž . Ž . Ž .Ž .H
0
Ž .If a holds,
 d
x t 
 T s f t	 s, x t	 s dsŽ . Ž . Ž .Ž .H ž /dt0
dt

 T t	 s f s, x s ds,Ž . Ž .Ž .H ž /ds	
Ž . Ž .which implies that x t is continuously differentiable in R. Again by 3.3
we have
T h 	 I x t h 	 x t 1Ž . Ž . Ž . th
x t 
 	 T t h	 s f s, x s dsŽ . Ž . Ž .Ž .Hh h h t
 x t 	 f t , x t as h 0,Ž . Ž .Ž .
Ž . Ž . Ž . Ž . Ž Ž ..from which it follows that x t D A and Ax t 
 x t 	 f t, x t .
Ž . Ž .Thus x t is a p.a.p. solution of 3.2 .
Ž . Ž .In case b , since from 3.3
1
x t  t 	 x tŽ . Ž .Ž .
 t
1 t t

 T t  t	 s f s, x s dsŽ . Ž .Ž .H
 t t
1t
 T t  t	 s 	 T t	 s f s, x s ds,Ž . Ž . Ž .Ž . Ž .H
 t	
we have
d x tŽ . t 
 f t , x t  T t	 s Af s, x s ds,Ž . Ž . Ž .Ž . Ž .Hdt 	
and the right side of this equation is continuous in t. This shows that the
Ž . Ž .right derivative of x t is continuous, so that x t is continuously differen-
tiable in t R. Noticing that the operator A is closed, we have
x t 
 Ax t  f t , x t .Ž . Ž . Ž .Ž .
This completes the proof.
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